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Background Nuclear radius is one of the most important and basic properties of atomic nuclei and its evolution is closely
related to the saturation of the nuclear density in the internal region but the systematics of the nuclear radii for the
neutron-rich unstable nuclei is not well known.
Purpose Motivated by the recent interaction cross section measurement which indicates the 48Ca core swelling in the neutron-
rich Ca isotopes, we explore the mechanism of the enhancement of the neutron and proton radii for spherical nuclei.
Methods Microscopic Hartree-Fock calculations with three sets of Skyrme-type effective interactions are performed for the
neutron-rich Ca, Ni and Sn isotopes. The total reaction cross sections for the Ca isotopes are evaluated with the Glauber
model to compare them with the recent cross section data.
Results We obtain good agreement with the measured cross sections and charge radii. The neutron and proton radii of the
various “core” configurations are extracted from the full Hartree-Fock calculation and discuss the core swelling mechanism.
Conclusions The core swelling phenomena occur depending on the properties of the occupying valence single-neutron states
to minimize the energy loss that comes from the saturation of the densities in the internal region, which appears to be
prominent in light nuclei such as Ca isotopes.
Introduction– Systematic studies of the nuclear density
and radius give us an insight not only into the nuclear
structure such as halo [1], neutron skin [2], and nuclear
deformation [3] but also into the nuclear matter proper-
ties [4–9]. The electron scattering measurements, which
precisely determine the charge distribution of nuclei have
unveiled the nuclear saturation properties [10]. These
studies have been extending to the short-lived neutron-
rich unstable nuclei, in which the behavior of the nu-
clear density is not well known. The size properties
of the unstable nuclei have often been extracted from
the total reaction or interaction cross section measure-
ments since the discovery of the neutron halo structure
in 11Li [1], and have been reached at the heavier two-
neutron halo nucleus 22C [11, 12], and neutron-rich Ne [3]
and Mg [13] isotopes. Recently, a sudden increase of
the interaction cross section beyond 48Ca was reported
indicating the swelling of 48Ca core in the Ca isotopic
chain [14]. It has been recognized that the sudden en-
hancement of the matter radius is due to nuclear defor-
mation [3, 13, 15–19] or weakly bound neutrons like the
halo structure [1, 11, 13]. However, these Ca isotopes are
known to be spherical [20–22], and they are well bound
in 42−51Ca, Sn ∼ 5–6 MeV [23]. This may call a new
mechanism for the enhancement of the nuclear size.
In this paper, we aim to uncover the core swelling
mechanism in light-medium to medium spherical nuclei
and discuss how the “core” nucleus is developed as a
function of the neutron number within a microscopic
mean-field theory, that is, Skyrme-Hartree-Fock (HF)
theory. We investigate even-even proton closed-shell iso-
topes, i.e., Ca, Ni, and Sn isotopes, which exhibit almost
spherical shape, and discuss the evolution of the size of
∗Electronic address: whoriuchi@nucl.sci.hokudai.ac.jp
the “core” nuclei. The core swelling phenomena may ap-
pear in the isotopic chain across the major shell or sub-
shell. For example, the abrupt interaction cross section
enhancement from 22O (N = 14 subshell) to 23O was
found in Refs. [24, 25]. The core swelling in O isotopes
was theoretically discussed using 16O plus few-neutron
models in Ref. [26]. This study also helps formulate
“core” plus few-nucleon models towards describing the
light-medium mass dripline nuclei, e.g., 22C [27, 28], and
29,31F [29, 30].
Theoretical models– Here we perform the Skyrme-HF
calculation and give a brief description of its model
setup. The numerical code used in the present cal-
culation is a revised version of the code developed in
Refs. [18, 31]. The ground-state wave function is ob-
tained by minimizing the following energy density func-
tional [32], E[ρ] = EN +EC −Ecm, using the imaginary-
time method [33]. The nuclear energy EN is given by
a functional of the nucleon density ρq(r), the kinetic
density τq(r), and the spin-orbit-current density Jq(r)
(q = n, p). The Coulomb energy EC among protons
is a sum of direct and exchange parts. The exchange
part is approximated by means of the Slater approxima-
tion, ∝
∫
dr ρq(r)
4/3. Ecm is the center of mass energy.
The single-particle wave function φi(r) is represented in
the three-dimensional grid points. All the single-particle
wave functions and potentials except for the Coulomb po-
tential are assumed to vanish outside the sphere of radius
20 fm. For the calculation of the Coulomb potential, we
follow the prescription given in Ref. [34]. In order to see
the model dependence, we employ three kinds of Skyrme
parameter sets, SkM∗ [35], SLy4 [36] and SkI3 [37].
In this study, for the sake of simplicity, we only
consider spherical configurations and neglect the pair-
ing correlation. The pairing correlation makes it diffi-
cult to define the “core” configuration because this in-
duces the fractional occupation probability. It should be
2noted that for nonclosed subshell nuclei, the HF calcula-
tion produces slightly deformed ground states, whereas
the HF+BCS and Hartree-Fock-Bogoliubov calculations
give spherical ground states due to the pairing correla-
tions [20, 21, 38, 39]. To preserve the spherical symmetry,
we employ the filling approximation [40]. Namely, when
the Fermi level with angular momentum j is occupied
partially by m particles (m < 2j + 1), we consider that
2j + 1 particles with the uniform occupation probability
m/(2j + 1) occupy the Fermi level. We note that the ef-
fect of the pairing interaction on the nuclear radii is small
for a spherical ground state as was shown in Ref. [38].
Results and discussions– First we compute the total
reaction cross sections of Ca isotopes following the pre-
scriptions given in Ref. [18]. The nucleon-target formal-
ism in the Glauber theory [41] (NTG [42]) is employed
for the evaluation of the total reaction cross sections.
Inputs to this reaction theory are the neutron and pro-
ton densities of projectile and target nuclei as well as
the profile function which describes the nucleon-nucleon
scattering at forward angles. The neutron and proton
densities of the projectile nuclei are obtained from the
HF calculations. For the target nucleus, 12C, we adopt
the harmonic-oscillator density [43] whose width parame-
ter is fixed so as to reproduce the root-mean-square (rms)
point-proton radius of 12C, 2.33 fm, extracted from the
charge radius data [44]. Standard parameter sets of the
profile function are tabulated in Ref. [45]. Once they are
set, this model has no adjustable parameter and gives a
nice description in high-energy nucleus-nucleus collisions
as demonstrated in many examples [18, 27, 43, 46–48].
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FIG. 1: Total reaction cross sections (σR) of Ca isotopes on
a 12C target incident at 280 MeV/nucleon. The SkM∗, SLy4,
and SkI3 interactions are employed for the HF calculations.
Experimental interaction cross section (σI) data are taken
from Ref. [14].
Figure 1 plots the calculated total reaction cross sec-
tions of 40−70Ca isotopes on a 12C target at the incident
energy of 280 MeV/nucleon. Recent experimental inter-
action cross section data of 42−51Ca [14] are also plot-
ted for comparison. The calculated total reaction cross
sections presented here fairly well reproduce the recent
experimental data [14], which confirm the validity of the
calculated matter densities. The interaction dependence
of those adopted Skyrme parameter sets on the cross sec-
tions are small in the regions where the experimental
data are available. The SkI3 interaction predicts some-
what larger cross sections for N & 30 because SkI3 has
larger slope parameter of the equation of the state, the so-
called L, compared to others [49], leading to more rapid
growth of the neutron skin thickness with respect to an
increase of the neutron number [39]. The results of the
neutron number N > 50 are not shown although the cal-
culation still produces several bound ground states with
N > 50 depending on the interaction employed. Note
that the heaviest Ca isotope found so far is 60Ca [50], and
the recent theoretical works predict the neutron dripline
is close to 60Ca [51], and possibly at 70Ca [52], and at
64Ca [22].
Although there are small differences, overall, the cal-
culated densities reasonably explain the behavior of the
available experimental cross sections. We discuss the
size properties of the Ca, Ni, and Sn isotopes using
these ground-state wave functions obtained. We calcu-
late 40−70Ca (N = 20–50), 56−86Ni (N = 28–58), and
114−146Sn (N = 64–96) to cover various single-neutron
configurations across the major shells. Here the “core”
nucleus has to be defined in a reasonable way so that
we can discuss its size evolution. For this purpose, we
extract these single-particle orbits that corresponds to
the closed shell or subshell neutron configurations from
the full HF configurations. The rms radii for neutrons
and protons are calculated for each “core” configuration
and their evolution with respect to the neutron number
is discussed.
Figure 2 draws the rms neutron and proton radii of
the Ca, Ni, and Sn isotopes obtained from the HF cal-
culations and those extracted from their core configura-
tions. The results with the SkM∗ interaction are pre-
sented. The rms point-proton radii extracted from the
charge radii [44] are also plotted for comparison and are
found to be in good agreement with the theoretical cal-
culations. A kink behavior found at N = 28 of the Ca
isotopes is qualitatively reproduced. Almost the same re-
sults are obtained with the SLy4 and SkI3 interactions.
For more qualitative understanding of the kink behavior
of the nuclear radii, we remark that the importance of
the spin-orbit interaction was discussed in Refs. [53–55].
The kink behaviors of the proton radii at N = 28 in the
Ca isotopes and at N = 126 in the Pb isotopes were well
reproduced by introducing density-dependent spin-orbit
interaction. The spin-orbit interaction could modify the
single-particle orbits and plays a role in the core swelling
phenomena.
First, let us discuss the size evolution of the core nuclei
in the Ca isotopes drawn in Fig. 2 (a). As the neutron
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FIG. 2: Rms radii of (a) Ca, (b) Ni, and (c) Sn isotopes
for neutron (closed circles) and proton (open circles). Rms
neutron radii of various “core” nuclei are also plotted. The
SkM∗ interaction is employed. See text for details. Filled di-
amonds in gray indicate experimental point-proton radii ex-
tracted from Ref. [44].
number increases, the total neutron radius gradually in-
creases showing some kink behavior at the neutron num-
bers where the outermost single-neutron orbit is fully oc-
cupied. In general, since the centrifugal barrier is smaller,
the lower angular momentum, the more diffused nuclear
surface obtains [39], which leads to a larger rms radius.
On the other hand, the neutron number dependence of
the core nuclei behaves differently from that of the total
neutron radii: From N = 20–28 and N = 40–50, the
neutron radii of the 40Ca and 48Ca cores are almost con-
stant, whereas from N = 28 to 40, they increase drasti-
cally as it almost follows the behavior of the proton radii.
This fact is also consistent with the observation found in
Ref. [14]. With large neutron excess at N = 40–50, the
proton radius extends for gaining the symmetry energy
from the surrounding neutrons despite the fact that the
neutron radius keeps its constant behavior. In fact, we
see the linear enhancement of the proton radius following
the enhancement of the neutron radius though the slope
is not steeper than that of the neutron one.
In Fig. 2 (b), similar behavior is also found in the Ni
isotopes up to N = 50 with further core swelling from
N = 50 to 58. This isotopic chain extends to the Sn
isotopes [Fig. 2 (c)], showing the rapid increase of the
neutron radius from N = 64–70 and N > 82, whereas
the proton radii gradually increase without showing any
kink behavior.
The enhancement of the neutron radius certainly re-
flects the properties of the outermost single-particle or-
bits. The constant behavior of the neutron core radius
can only be found when the nodeless j-upper orbits such
as 0f7/2, 0g9/2, and 0h11/2 orbits are occupied. When
the enhancement of the neutron core radius occurs, the
occupying orbits are always nodal wave functions such
as 1p, 1d, 2s, 1f7/2, 2p orbits or j-lower orbits. Since these
single-particle densities have strong overlap with the core
density, the nuclear density in the internal region be-
comes high when nodal and j-lower orbits are added to
the core nucleus, while the nodeless j-upper orbits only
contribute to the densities at around the nuclear surface.
If the internal density of the core is already saturated, the
system looses the energy, and thus, to accommodate the
additional neutrons, strong rearrangement of the mean
field occurs to decrease the density in the internal region,
which leads to the core swelling. We also made the same
analysis for 16−24O. As expected from the above conjec-
ture, the swelling of the 16O core occurs from N = 14–
16 where the 1s1/2 orbits contribute, which is consistent
with the consequence given in Ref. [26].
To show the above finding more explicitly, in Fig. 3,
we display the total matter (solid and long-dashed lines
in black), core (dashed and dotted lines in red), and va-
lence neutron densities (chain and double-dotted-spaced
lines in blue) of the selected Ca, Ni, and Sn isotopes
located in different shell- or subshell regions. In the re-
gions where the core swelling do not occur, which corre-
spond to the panels (a), (c), (e), and (h) of Fig. 3, the
valence neutrons (chain and double-dotted-spaced lines)
occupy the j-upper orbits and contribute mainly to the
enhancement of the densities of the nuclear surface at
around the nuclear half density. In case of 50Ca and 58Ni
(N = 30), the panels (b) and (d), respectively, we see
that the central densities of the core (dotted line) are
already saturated. The valence neutrons (double-dotted-
spaced lines) occupy the nodal or j-lower orbits and con-
tribute to the densities of all regions. By adding neu-
trons up to N = 40, the central densities of the 48Ca or
56Ni core (dashed lines) have to be reduced to keep the
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FIG. 3: Total matter (ρm), core (ρc), and valence neutron (ρv) densities of
42,48,50,60,62,70Ca, 58,68,70,78,80,86Ni, and
116,120,122,132,134,146Sn. The SkM∗ interaction is employed. See text for details.
saturation density ∼ 0.16–0.17 fm−3 in the total mat-
ter densities (solid lines). Thus the core densities are
enhanced in the surface region. In the panels (f), (g),
and (i), the central densities of the core (dashed and dot-
ted lines) becomes ∼ 0.15 fm−3, which can accommodate
further neutrons as they are indicated in the valence neu-
tron densities (chain and double-dotted-spaced lines). In
these isotopes, the matter radii are enhanced due to the
contributions from both the core and valence neutron
densities at the surface region. The internal nucleons are
pulled by the excess neutrons to gain the symmetry en-
ergy as presented in the total matter densities (solid and
long-dashed lines) in the panels (e) and (h).
To strengthen the above conjecture, we perform an-
other HF calculation for the valence neutrons by assum-
ing an inert or frozen core in the system. Actually, we
evaluate the energy difference between the HF calculation
EHF and the HF calculation with frozen core, Efrozen.
In the frozen-core HF calculations, the wave function of
the “core” nucleus is replaced by the ground-state wave
function of the corresponding nucleus. For instance, the
Efrozen of
52Ca, which is assumed to have 48Ca core and
four valence neutrons, is calculated by optimization of
the four valence neutron wave functions. The wave func-
tions of the 48Ca core is always represented by the ground
state of 48Ca obtained by the full HF calculation. No
rearrangement among core and valence neutron configu-
rations occurs in the frozen-core HF calculations. There-
fore, the energy difference Efrozen−EHF can be a measure
of the mean-field rearrangement by adding the valence
neutrons.
Figure 4 displays Efrozen − EHF of the Ca, Ni, and
Sn isotopes. No qualitative difference is found in the
calculations with the SkM∗, SLy4, and SkI3 interactions.
As expected, the energy loss appears to be large when
the nodal or j-lower orbits are occupied, especially, in
N = 28–40 for the Ca and Ni isotopes. On the other
hand, the energy difference is small when the nodeless
j-upper orbits, the 0f7/2, 0g9/2, and 0h11/2 orbits, are
filling, in which no swelling the neutron core occurs as
displayed in Fig. 2. This means that in those N regions
the core and valence neutrons densities are well separated
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FIG. 4: Energy difference between the HF and the frozen-core
HF calculations of (a) Ca, (b) Ni, and (c) Sn isotopes with
the SkM∗, SLy4, and SkI3 interactions. See text for details.
in terms of the nuclear saturation.
We find a moderate energy loss in N = 50–58 for the
Ni isotopes and N = 64–70, 82–96 for the Sn isotopes
despite the fact that a weak increase of the neutron core
radius occurs as presented in the panels (b) and (c) of
Fig. 2. This is because the internal densities of those
core nuclei, 60Ca and 114,132Sn, are not well saturated
as presented in in the panels (f), (g), and (i) of Fig. 3
(dashed lines) for N = 58, N = 70, and N = 84, re-
spectively. Since these internal densities are low enough
to accommodate the additional neutrons that comes from
the internal amplitudes of the nodal orbits, the rearrange-
ment of the mean field is weaker, and thus the energy loss
is suppressed.
Conclusions– The sudden increase of the nuclear radii
is the indication of the saturation of the internal density
balanced with the nuclear symmetry energy. It is found
that the evolution of the neutron radius is strongly de-
pend on the occupying valence neutrons. By adding the
nodeless j-upper orbits, it shows the constant behavior
of the neutron radii of the core nucleus because these
orbits only contribute to the nuclear surface where the
nuclear densities are unsaturated. A sudden increase of
the neutron core radius occurs when the nodal or j-lower
orbits are occupied. Strong rearrangement of the mean
field happens to reduce the central density to accom-
modate these orbits that contribute to the densities of
all regions. This behavior is significant in light-medium
mass nuclei, such as Ca and Ni isotopes as the valence
nucleons strongly influence the core configurations. For
heavier nuclei, Sn, the neutron and proton radii are de-
termined in a more democratic way. Since more neutrons
can be accommodated in the internal region, the moder-
ate core swelling is expected for such nuclei with large
neutron excess, where the internal densities are not well
saturated.
This knowledge is also useful when one formulates a
core plus few-nucleon model. When the valence nucleons
occupy the nodal or j-lower orbits, some energy loss is
expected if the core nucleus is inert or the core swelling
is not introduced. However, this effect may be small in
the case of the dripline nuclei because the core nucleus is
expected to be already swelled and its internal density is
unsaturated.
Systematic studies of the neutron and proton radii and
densities are desired to reveal these nuclear size proper-
ties of finite nuclei. For this purpose, a systematic mea-
surement of the total reaction cross sections on a proton
target [38, 56] may be the most promising way to in-
vestigate the core swelling phenomena for the short-lived
neutron-rich nuclei.
In this paper, we only investigate the spherical nuclei
for simplicity. A further study considering the nuclear
deformation is interesting and will be reported elsewhere.
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